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STELLINGEN
behorende bij het proefschrift
Gauss’s theorem on sum of 3 squares, sheaves, and Gauss composition
van Albert Gunawan
Let n be a natural number such that n 6= 0, 4, 7 (mod 8). Then Gauss has proved
that there exist integers x, y, z with gcd(x, y, z) = 1 such that x2 + y2 + z2 = n. Let
P = (x, y, z) be such a triple. Let G := SO3 be the orthogonal group scheme over Z and
H be the stabilizer subgroup scheme of P in SO3. Let P
⊥ := {Q ∈ Z3 : 〈Q,P 〉 = 0}
be the orthogonal complement of P in Z3. Let b be the restriction of 〈·, ·〉 to P⊥. Let
N := SO(P⊥, b).
1. The group scheme H is not necessarily commutative.
2. For p 6= 2 a prime number dividing n, we have a natural injective map of group
schemes HFp → NFp . The group scheme HFp is isomorphic to the additive groupGa,Fp .
The map above identifies HFp as the connected component of the identity element
of NFp , that has 2 connected components.
3. Let H[ be the closure of the generic fibre of H; it is the unique closed subscheme of
H that has the same generic fibre as H and is flat over SpecZ. If n ≡ 1, 2 (mod 4),
then H[ = Hred and H is irreducible. If n ≡ 3 (mod 8), then HF2 is irreducible of
dimension 3, and H[ and HF2 are the irreducible components of H.
4. For any ring A, let T (A) be the group (A[x]/(x2 +n))×. Then T is a group scheme.
We have an exact sequence, for the Zariski topology, on (Sch/Z[1/2]):
Gm,Z[1/2]  TZ[1/2]  HZ[1/2].
5. The fiber at 2 of the group scheme SO3 is not reduced, therefore not smooth.
6. Let S be a scheme. Let 1 → Gm → G1 → G2 → 1 be an exact sequence, for the
fppf topology, of group schemes on S. Then it is exact for the Zariski topology.
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7. Let A be an integral domain and A ⊂ B be an A-algebra that is free of rank n as
A-module. The inclusion A→ B induces a closed immersion from Gm,A to the Weil
restriction ResB/AGm.
8. Let S be a Noetherian affine scheme. Let G1 and G2 be affine group schemes over S,
flat and of finite type. Let f : G1 → G2 be a morphism of S-group schemes. Suppose
that the fibers of G2 are reduced, and that f is surjective as a map of sets. Then f
is flat.
9. When all important conjectures in number theory have been proved, doing arith-
metic geometry is not fun anymore.
10. There is no fear in love, but perfect love drives out fear.
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